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Chern class and Riemann-Roch theorem for 
cohomology theory without homotopy 
invariance (preliminary version) 

Masanori Asakura and Kanetomo Sato 

Abstract 



In this paper, we formulate axioms of certain graded cohomology theory and define 
higher Chern class maps following the method of Gillet [Gil | . We will not include 
homotopy invariance nor purity in our axioms. It will turn out that the Riemann-Roch 
theorem without denominators holds for our higher Chern classes. We will also give an 
application to the computation of a higher regulator for Deligne-Beilinson cohomology. 



< 

ji ; 1 Introduction 



In his papers [Gl ] and HG2L Grothendieck defined Chern classes and characters 
c . . Kq (x) — ► ChP (X), ch x : K (X) — ► CH*(X) 



> 

for a smooth variety X over a field k, where K (X) (resp. CH*(X)) denotes the Grothendieck 
group of vector bundles on X(resp. the Chow groups of algebraic cycles of codimension i on 
X modulo rational equivalence). Concerning the Chern character, he proposed the celebrated 
Grothendieck-Riemann-Roch theorem, which asserts that for a proper morphism / : Y — > X 
of smooth varieties over k, the equality 



ch x (Ua) ■ td(T x ) = /,(ch y (a) ■ td(T y )) (1.1.1) 

holds in CH*(X) for any a E K (X). Here td(T x ) denotes the Todd class of the tangent 
bundle T x of X, and /* (resp. /i) denotes the push-forward of Grothendieck groups (resp. 
Chow rings). One immediately recovers the classical Riemann-Roch theorem for a smooth 
complete curve X of genus g with canonical divisor K: 

£(D) - £(K — D) = deg(£>) - g + 1 for a divisor D on X, 

by considering the case of the structure morphism X — > Spec(fc). 

In HGilH . Gillet introduced certain axioms on graded cohomology theory on a big 
Zariski site ^ Zar including homotopy invariance and purity. Concerning such cohomology 
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theory, he developed the general framework of universal Chern classes and characters, which 
endows with the Chern classes and characters for higher if-groups 

Qj : Kj(X) — ► H 2 ^(X, r(z)), ch x : K.(X) — > H*(X, (1.1.2) 

where K*(X) denotes the algebraic ^-group [Q| and H*(X, I~(«))q denotes the direct prod- 
uct of the cohomology groups H^(X, l~(i)) £g> Q for all integers i and j. He further extended 
the formula (11.1.1b to this last Chern character. The main aim of this paper is to extend 
Gillet's results to graded cohomology theories which do not satisfy homotopy invariance or 
purity. 

1.1 Setting and results 

Let Sch be the category consisting of separated, noetherian, universally catenary schemes of 
finite dimension and morphisms of schemes. Let ^ be a subcategory of Sch satisfying the 
following condition: 

(*) Iff : Y X is smooth with X G Ob(^), then Y G Ob(^) and f G Mor(^). 

We do not assume that is closed under fiber products. Let l~(*) = {r(n)} neZ be a family of 
cochain complexes of abelian sheaves on the big Zariski site ^z ar . Our axioms of admissible 
cohomology theory consist of the following four conditions (see Definition 12.51 below for 
details): 

(1) A morphism q : G m [— 1] — > l~(l) is given in D(^z ar ). (From this g, one obtains the 
first Chern class C\(L) e H 2 (Xz ar , T(l)) of a line bundle L on X G 0b(^).) 

(2) The Dold-Thom isomorphism, i.e., the projective bundle formula. 

(3) For a regular closed immersion f : Y X of codimension r in c €, push-forward 
morphisms 

f r .fJ(i) Y ^r{i + r) x [2r) 

are given in D(Xz ar ) and satisfy transitivity, projection formula and compatibility with 
the first Chern class. Here D(Xz ar ) denotes the derived category associated with the 
additive category of unbounded complexes of abelian sheaves on Xz ar . 

(4) For a regular closed immersion f : Y* ^ -X* of codimension 1 of simplicial objects in 
c £, push-forward morphisms 

/i:/.r(i)n— >r(i + i) x j2] 

are given in D((X^)z a r) and satisfy the conditions analogous to (3). 

The conditions (l)-(3) have been considered both by Gillet HGilH Definition 1.2 and Beilin- 
son llBel §2.3 (a)-(f). On the other hand, the last condition (4) have not considered in those 
literatures, which we will need to verify the Whitney sum formula for Chern classes of vector 
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bundles on simplicial schemes, cf. $4]below. See §|3]for fundamental and important examples 
of admissible cohomology theories. We will define Chern class and character (11.1.21 ) for an 
admissible cohomology theory following the method of Gillet HGill . 

As for the compatibility of the above axioms (l)-(4), the axiom (2) is compatible with (1) 
in the sense that the first Chern class of a hyperplane has been used in formulating (2). The 
push-forward morphisms in (3) and (4) are compatible with (1) by assumption. Moreover, 
we will prove the following compatibility assuming that l~(*) is an admissible cohomology 
theory, cf. Corollary 17.61 Let E be a vector bundle of rank r on Y E Ob(^) and let X : = 
F(E®1) be the projective completion of E, cf. (11.2.11) . Then for the zero-section / : Y — > X, 
we have 

/l(l)=Cr(Q) 

in H 2r (Xza n l~(r)), where 1 denotes the unity of H (Yz ar , l~(0)) and Q denotes the universal 
quotient bundle on X. This formula verifies the compatibility between the axioms (2) and 
(3), and plays an important role in our results on Riemann-Roch theorems: 

Theorem 1.1 (§|9l EfTOl) Let l~(*) be an admissible cohomology theory on c €, and let f : 

Y — > X be a projective morphism in c €. 

(1) Assume that f satisfies the assumption in Theorem \10.1\ below. Then the formula 
(11.1.11) holds for l~(*) -cohomology, i.e., the following diagram commutes: 



K*{Y) } - *K*{X) 



cM-)Utd(7» 



ch 



x 



H*(Y Zar , V(.)) Q ^H*(X Zar , r(.)) Q . 

Here Tf denotes the virtual tangent bundle of f, cf. ^JU\ below, and f\ denotes the 
push-forward morphism that will be constructed in ( $7\below. 

(2) Assume that f is a regular closed immersion of pure codimension r > 1 and satisfies 
the assumption (#) in Theorem \9. 1 1 below. Then the Riemann-Roch theorem without 
denominators holds for V (*) -cohomology, i.e., the following diagram commutes for 
any i,j > 0: 

K 3 (Y) f - Kj (X) 



P i-r,Y/X,j 



where Pi- r ,Y/x,j denotes a mapping class defined by a universal polynomial Pi- r>r and 
universal Chern classes, cf. $9\below. 

The Riemann-Roch theorem without denominators was first raised as a problem in [BGIJ 
Expose XVI §3, and proven by Jouanolou and Baum-Fulton-MacPherson for K ( HJouB §1, 
[BFMJ Chapter IV §5) and by Gillet for the Chern class maps (11.1.21 ) under the assumption 
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that l~(*) satisfies homotopy invariance and purity ( HGil l Theorem 3.1). Theorem 11.11 (2) 
removes the assumptions on homotopy invariance and purity. 

This paper is organized as follows. In $2] we will formulate admissible cohomology the- 
ory, whose examples will be explained in $3] We will construct Chern classes of vector 
bundles, universal Chern class and character, higher Chern class and character, following the 
method of Gillet in $4]-$6] below. The section [7] will be devoted to extending push-forward 
morphisms to projective morphisms in ^ , which plays a key role in our proof of Riemann- 
Roch theorems. We will give an explicit construction of the Baum-Fulton-MacPherson poly- 
nomial in $8] for the convenience of the reader. After those preliminaries, we will prove 
Riemann-Roch theorems in 091-^101 and give an application in JjTJ In the final version we 
will further discuss a few more applications. 

The authors express their gratitude to Kei Hagihara and Satoshi Mochizuki for valuable 
comments and suggestions. 

1.2 Notation and conventions 

In this paper, all schemes are assumed to be separated, noetherian of finite dimension and 
universally catenary. Unless indicated otherwise, all cohomology groups of schemes are 
taken over the Zariski topology. 

For a scheme X, a closed subset Z C X and a cochain complex of abelian sheaves 
on Xzar, we define the hypercohomology group H Z (X, with support in Z as the i-th 
cohomology group of the complex r z (X, ^f'), where ^* denotes a ^-injective resolution 

of jr'.cf. igjp, m. 

A projective morphism f : Y — > X of schemes means a morphism which factors as 
follows for some integer n > 0: 

Y P n — ^ X, 

where i is a closed immersion and p is the natural projection, cf. HHa2l p. 103. When X 
is regular, a projective morphism / : Y — > X in the sense of HGD1I 5.5.2 is projective in 
our sense by the existence of an ample family of line bundles on X, cf. HBGIH Expose II 
Corollaire 2.2.7.1. 

For a vector bundle E over a scheme X, F(E) denotes the associated projective bundle: 

P(£):=Proj(Sym^(<f v )), (1.2.1) 

where § denotes the locally free sheaf on X represented by E and S y means its dual sheaf 
over X - We define the tautological line bundle L taut over F(E) as follows: 

L taut := Spec(5ym^ p(B) (^(-l))), (1.2.2) 

where ^(—1) denotes the £5p(£)-dual of the twisting sheaf ^(1) of Serre. For a Carrier 
divisor D on X, the line bundle over X associated to D means the line bundle 

Spec(Sym^ x (& x (-D))), (1.2.3) 
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which represents the invertible sheaf &x(D) on X. 

Let A be the simplex category, whose objects are ordered finite sets 

[p] := {0,1,2,. ..,p} (p>0) 

and whose morphisms are order-preserving maps. For integers < i < p + 1, let d l be the 
i-th coface map in A: 

For integers < z < p, let be the i-th codegeneracy map in A: 



s 



J-l 0<J<P+1)- 



An arbitrary morphism in A is the composite of coface maps and codegeneracy maps. 
Definition 1.3 Let SB be a category. 

(1) A simplicial object X* in SB is a functor 

X* : A op — ► ^. 

A morphism f : K — )■ X* of simplicial objects in SB is a natural transform of such 
contravariant functors. 

(2) For a simplicial object X* in SB and a morphism a : [p] — >■ [g] in Z\, we often write 

a *:X g ^X p (X p := X*([p])) 
for X*(a), which is a morphism in SB. 

(3) For a simplicial object X* in SB, we often write (resp. Sj) for the i-th face morphism 
(cf ) x : X p+ i — > X p (resp. the i-th degeneracy morphism (s l ) x : X p — >■ X p+ i). 

Definition 1.4 Let X* be a simplicial scheme. 

(1) A vector bundle over X* is a morphism / : — > X* of simplicial schemes such that 
fp-.Ep-^ X p is a vector bundle for any p > and such that the commutative diagram 



E q ^X q 



tip 



induces an isomorphism E q = a x *E p := E p x Xp X q of vector bundles over X q for 
any morphism a : \p) — > [q] in A (cf. HGi2B Example 1.1). 
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(2) We say that a morphism / : Y* — > X* of simplicial schemes is a closed immersion if 
f p : Y p — > X p is a closed immersion for each p > 0. We say that a closed immersion 
/ : Y* — > X* is eract, if the diagram 

r.^-X, (1.4.1) 

V fp - X" 
i p y\p 

is cartesian for any morphism a : \p) — > [q] in A. We say that a closed immersion 
/ : Y+ — > X+ is regular if it is exact and f p : Y p — > X p is regular for each p > 0. 
An effective Cartier divisor X* on Y+ is a regular closed immersion X* — > 1^ of pure 
codimension 1. 

See Appendix [A] below for the definitions of Zariski site and cohomology of simplicial 
schemes. 

2 Admissible cohomology theory 

Let ^ be as in §1.11 The aim of this section is to formulate the axioms of admissible coho- 
mology theory in Definition [23] below. 

Definition 2.1 (Graded cohomology theory) Let l~(*) = De a family of complexes 

of abelian sheaves on ^zar- We say that l~(*) is a graded cohomology theory on c to, if it 
satisfies the following two conditions (cf. HGilH Definition 1.1): 

(a) l~(0) is concentrated in degrees > 0, and the 0-th cohomology sheaf M 1 °(T(0)) is a 
sheaf of commutative rings with unity. 

(b) T(*) is equipped with an associative and commutative product structure 

r(i)^r(j)^r{i+j) in D(^ Zar ) 

compatible with the product structure on ^f°(T(0)) stated in (a). 

For a simplicial object X* in , there is a natural restriction functor on the category of 
abelian sheaves 

6 Xi , : Shv 3h (tf Zar ) — »• 5/iv ab ((X,) Zar ), 

which sends a sheaf & on ^z ar to the sheaf (U C X p ) i-> &(U) on (X*) Zar . See ^Ajl below 
for the definitions of the Zariski site and a Zariski sheaf on a simplicial scheme. This functor 
is exact and extends naturally to a triangulated functor on derived categories 

Ox* :D(tf 2ar ) — ►DKJSQzar). 
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Definition 2.2 Let l~(*) be a graded cohomology theory on ^ and let X+ be a simplicial 
object in ff. For each i G Z, we define a complex l~(z)x* of abelian sheaves on (J 5 ^) Zar by 
applying 8 Xit to the complex We will often omit the indication of the functor 9 X + in 
what follows. 

Definition 2.3 CFzrst Chern class) Let l~(*) be a graded cohomology theory on c to, and sup- 
pose that we are given a morphism 

e: 0>x[_l]_>r(l) in £>(^ Zar ), 

where <^ x means the abelian sheaf on ^z ar represented by the group scheme G m . Let X* 
be a simplicial object in c to, and let L* be a line bundle over X+. There is a class [L+] E 
H l {Xi,, corresponding to (cf. HGi2ll Example 1.1). We define the first Chern class 
Ci(L+) E H 2 (X+, T(l)) as the value of [L+] under the map 

H\X*,^)^H 2 {X*J(1)). 

The first Chern classes are functorial in the following sense: 

Lemma 2.4 Let l~(*) be a graded cohomology theory on c £, and suppose that we are given 
a morphism. q : [—1] — > l~(l) in D(^zar)- Then for a morphism f : Y* — > X* of simplicial 
objects in and a line bundle L* over X*, we have 

Cl (/%) = f%(L,) in H 2 {Y^Y{1)). 

Here f*L+ denotes Xx+Y*, the inverse image of ' E* by f. 

Proof. The assertion is obvious, because l~(l) is defined over the big site ^zar- □ 

Definition 2.5 (Admissible cohomology theory) We say that a graded cohomology theory 
r(*) is an admissible cohomology theory on , if it satisfies the axioms (l)-(4) below. 
Compare with flBsl §2.3 (a)-(f), ItCnTH Definition 1.2. 

(1) {First Chern class) There exists a morphism 

p: r[-l]^r(l) in D(^zar). 

(2) (Dold-Thom isomorphism) For a scheme X E Ob(^) and a vector bundle E over X 
of rank r + 1, the morphism 

r r 

IE : r(< - j)x[-2j] — ► WW**), (•<•,)• n ^^fU p'fo) 

3=0 3=0 

is an isomorphism in D(X Zar ). Here p : F(E) — > X denotes the projective bundle 
associated with E, cf. (11.2.11) . and £ G # 2 (P(£), l~(l)) denotes the first Chern class 
of the tautological line bundle, cf. Definition 12.31 See (|1.2.2I) for the definition of the 
tautological line bundle. 
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(3) {Push-forward for regular closed immersions) For a regular closed immersion / : 
F ^-t- X of pure codimension r, there are push-forward morphisms 

f\:fJ{i)y— >V{i + r) x [2r] (i > 0) 

in D(Xz a r) which satisfy the following four properties. 

(3a) {Consistency with the first Chern class) When r = 1, the push-forward map 

f:H°(Y,\-(0))^H\X,r(l)) 

sends 1 to the first Chern class of the line bundle over X associated with Y, cf. 
Definition [23] 

(3b) {Projection formula) The following diagram commutes in D(X Zar ): 



L . id®/, _ . . L 



r(i)x ® /*r(j)y r(i) x ® r(j + r)*[2r] 



product 



/.r(j)y®/,r(j> 



product 



-r(z + j+r) x [2r]. 

(3c) {Transitivity) For regular closed immersions / : F <— > X and g : Z ^ Y in 
of pure codimension r and r', respectively, the composite morphism 



(/ o g)J(i) z - UgJ{i) z /,r(i + r')y[2r'] 

agrees with (f o g) \ . 
(3d) {Base-change property) Let 



T(z + r + r')x[2(r + r')] 



F'c 



Fc 



□ 



X' 

y 

-X 



be a cartesian diagram in such that / and /' are regular closed immersions of 
pure codimension r and such that g is a closed immersion or a smooth morphism. 
Then the following diagram commutes in Z)(X Zar ): 



R(gof')J(i)y, 

Rf*(h*) 



f! 



■RgJ{i + r) x >[2r] 



Y 



r{i + r) x [2r\. 



(4) {Push-forward for simplicial schemes) For a simplicial object X+ in and an ef- 
fective Cartier divisor f : Y* ^ X* (see Definition 11.41 (2)). there are push-forward 
morphisms 

fr-fJdh* — )»r(i + i)^[2] (i>o) 

in D((X^)zar) which satisfy the properties analogous to (3a) and (3b). 
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Remark 2.6 We mention here some remarks on the axioms of the admissible cohomology. 

(1) The axiom (4) is not considered in HBel or HGill . In fact, i/T(*) satisfies homotopy 
invariance, then we need push-forward maps only for usual schemes, in order to verify 
the Whitney sum formula in Theorem 14.21 (3) below, cf ULel Part I, Chapter III §1.3.3. 

(2) The properties (3c) and (3d) in the axiom (3) will be used to verify Riemann-Roch 
theorems. We will construct push-forward morphisms for projective morphisms from 
the above axioms. See ^\below. 



3 Examples of admissible cohomology theory 

We give several fundamental and important examples of and The first four examples 
satisfy homotopy invariance, while the others do not. 



3.1 Motivic complex 

Let k be a field, and let be the full subcategory of Sch / k consisting of schemes which are 
smooth separated of finite type over k. For igZ, we define on ^ Zar as follows: 



Ui) 




(i > 0), 
(z < 0), 



where Z(z) = C.(Z tr (G^ l ))[— i] denotes the motivic complex of Suslin-Voevodsky US VII 
Definition 3.1, and C. denotes the singular complex construction due to Suslin. It is easy to 
see that T(*) = {f(i)}iez is a graded cohomology theory on ^. We check that l~(*) is an 
admissible cohomology theory. We define the morphism q in the axiom |231 (1) as the natural 
quasi-isomorphism T(l) = & x [—1]. By the comparison theorems in llBlTl Theorem 2.1, HFS1 
Proposition 12.1 and [|V] Theorem 1, we have the following diagram of quasi-isomorphisms 
of complexes of abelian sheaves on X Zar for each X G Ob(^): 

C.(Z tr (P-)/Z tr (P"- 1 )) x [-2^] ^C.(z equi (A\0)) x [-2z] c-^z'i-x X A>)[-2z] 



qis 



qis 



Z(z)* .)[-2i]. 

Here z equi (A\ 0) denotes the sheaf (on ^zar) of equi-dimensional cycles on A 1 of relative di- 
mensionO,and z l (— x ,») (resp. z % [— x xA ! , •)) denotes the sheaf of complexes U h-> z l (U,») 
(resp. U i — y z l (A\j,»)) on X Zar , where z l (U,») denotes Bloch's cycle complex defining 
higher Chow groups of U [B1J. The axiom |231 (2) follows from the above diagram of quasi- 
isomorphisms and loc. cit. Theorem 7.1. 

We check the axioms 1231 (3) and (4). For a regular closed immersion / : Y ^ X of pure 
codimension r in c €, we define the push-forward morphism f as the composite 

f^{t) Y = Uz\- Y ,.)[-2t}^z l+r (- x ,.)[-2t}=Z(i + r) x [2r] (3.1.1) 
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in D(Xzar), where the central arrow f cyc denotes the push-forward of cycles by /. The 
properties (3a)-(3d) of f\ follows from the corresponding properties of / cyc . For a simplicial 
object X* in we define a complex z l [— Xir , •)' of sheaves on (X*) Zar as follows. For each 
p > 0, let z l (— Xp , •)' be a subcomplex of z l (— Xp , •) which is quasi-isomorphic to z l (— Xp , •) 
and such that the pull-back maps 

are defined for all faces and degeneracies (3 : X p ±i — > X p . See IlLell Chapter II Theorem 
3.5.14 for the existence of such z l (— Xp , •)'■ The datum ((z l (— Xp , • ) / ) P > o, aGMor(zA) ) 

forms a complex z % (— Xir , •)' of sheaves on (X*)z ar (cf. Propo sition I A . 2 1 ( 1 ) ) . and the above 
diagram of quasi-isomorphisms yields an isomorphism 

Z(i)^S* **(-**>•)' in D((X*) Zar ). 

Finally for a regular closed immersion / : % <^-> X* of simplicial objects in ^, one can 
define the desired push-forward morphism f\ in a similar way as in (|3.1.1I ). 

3.2 Etale Tate twist 

Let n be a positive integer, and let be the full subcategory of Sch consisting of regular 
schemes over Spec(Z[n -1 ]). For « G Z, we define Y{i) on ^zar as follows: 

rn ■= J* £rf ( * - 0) ' 

W ' [^(JTom^f^^Z/n)) (z < 0), 

where fi n denotes the etale sheaf of n-th roots of unity and e : — > ^zar denotes the natural 
morphism of sites. Obviously l~(*) = {r(i)} i€ z is a graded cohomology theory on c €. We 
define the morphism g in 12.51 (1) by the connecting morphism associated with the Kummer 
exact sequence on ^ t 

o — ► r(i) — > ^ x ^ @ x — »• o. 

The property 12.51 (2) follows from the homotopy invariance ( flAGVH Expose XV, Theoreme 
2.1) and the relative smooth purity. 

We check that l~(*) satisfies the axioms [231 (3) and (4), in what follows. Let / : <^-> X* 
be a regular closed immersion of pure codimension r of simplicial schemes in ^ '. We use 
Gabber's refined cycle class [FG | Definition 1.1.2 

c\ Xo (Y )eH^ o (X ,V(r)). 

By the spectral sequence (cf. Proposition IA.3 1 (3) below) 

= H b Ya (X ai r(r)) =► ^(A*, r(r)) 

and the semi-purity in loc. cit. §8, we have 

f(r)) = Ker(d* - d\ : fl*(X 0> V{r)) -+ H%{X U V{r))). 
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By the functoriality in loc. cit. Proposition 1.1.3 and the assumption that the square (11.4.11 ) 
is cartesian, we have 

d*c\ Xo (Y ) = c\ Xl (Y 1 ) = dr i c\ Xo (X ), 
and consequently, clx (^o) belongs to Ker(c?Q — d*). We thus obtain a cycle class 

c\ x .(Y*) e H%(X*,r(r)) 

as the element corresponding to c\ Xo (Y ). Since f*V(i) Xi< — on (YA Zar , the cup 

product with dx*(%) defines the desired push-forward morphism 

/! : fJ(i)% = /*/* r(i)x, dxAY * )U - r(i + r) Xir [2r] in D((X*) Zar ), 

which satisfies the properties 12 . 5 1 (3 a) . (3b). See loc. cit. Proposition 1.2.1 for (3c). The prop- 
erty (3d) follows from loc. cit. Proposition 1.1.4. Thus is an admissible cohomology 
theory on ^. 

3.3 Betti complex 

Let ^ be the full subcategory of Sch / C consisting of schemes which are smooth separated 
of finite type over C. Let ^ an be the big analytic site associated with ^ '. Let A be a subring 
of R with unity. For i 6 Z, we define l~(z) on ^z ar as follows: 

:=^((27r v /Z T)M), 

where e : ^ an — > ^zar denotes the natural morphism of sites. When A = Z, we define the 
morphism g = q% in l2.5l (l) as the connecting morphism of the exponential exact sequence 

— > 2ttv /z T • Z — > ^ @ x — > 0. 

For a general A, we define g = qa as the composite morphism 

q : ^ x [-1] ^ 2ttv /Z T • Z 2ttv /Z T • A 

The axioms l2~31 (2)-(4) can be checked in a similar way as for §3.21 

3.4 Deligne-Beilinson complex 

Let ^ be as in E Q.3I Let A be a subring of R with unity. For i e Z, we define on ^ Zar as 
follows: 

r( . fr*(i) (i>0), 
\/?e 1 ,((27rv^ r T) i A) (i<0), 

where V@(i) denotes the Deligne-Beilinson complex on ^z ar in the sense of [EV| Theorem 

5.5 and e : ^ an — )■ ^zar denotes the natural morphism of sites, cf. 513.31 See loc. cit., Theorem 
5.5 (b) and Proposition 8.5 (resp. HJall §3.2) for the axiom |2~31 (1) and (2) (resp. 12.51 (3) and 
(4)). 
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3.5 Algebraic de Rham complex 

Let k be a field, and let ^ be the full subcategory of Sch / k consisting of schemes which are 
smooth separated of finite type over k. For i 6 Z, we define l~(z) on ^zar as follows: 

r (i ) :={"-/' (iS0) ' 

\o (i < 0), 

where denotes the de Rham complex over k on ^zar- We see that l~(*) is an admissible 
cohomology theory on ^, when we define g ^ 12.51 (1) by logarithmic differentials. See HHall 
Chapter H §2 for the axioms [23](3) and (4). 

3.6 Logarithmic Hodge- Witt sheaf 

Let p be a prime number, and let ^ be the full subcategory of Sch consisting of regular 
schemes over Spec(F p ). Let n be a positive integer. For i > 0, we define on ^zar as 
follows: 

u " \o (i<0), 

where W n Vt] og denotes the etale subsheaf of the logarithmic part of the Hodge-Witt sheaf 
W n VL % on cf. [II], and e : — > ^Zar denotes the natural morphism of sites. Then 
r(*) = {r(z)} ig z is an admissible cohomology theory on ^, which we are going to check. 
We define the morphism g in 12.51 0) as the logarithmic differential map. See OGrll Chapter 
I Theoreme 2.1.11 and llShl Theorems 2.1, 2.2 for the axiom (2). To verify the axioms (3) 
and (4), we construct the push-forward map for the regular closed immersion / : Y+ ^ 
of pure codimension r of simplicial schemes in ^. For a > 0, let f a 'Y a ^ X a be the a-th 
factor of /. Note first that 



(j < i + 2r) 

^(r(i)yj (j = i + 2r) 

by loc. cit. Theorem 3.2 and Corollary 3.4, which immediately implies 

R j fT(i + r) Xt =0 for j < i + 2r, 

cf. Propositions IA.2I (1). IA.3I (2). We denote the above isomorphism for j = i + 2r by (/ a )i . 
To show that the maps (/ a )i for a > give rise to an isomorphism 

^\Y{^)=R l+2r fV{i + r) x ^ 

it is enough to check that the maps (/ a )i are compatible with the simplicial structures of 
and Y+, cf. Propositions IA.2I O). IA.3K 2). One can easily check this by the local description 
of (f a )\ in llShl p. 589 and the assumption that the square (11.4.11 ) is cartesian. Thus we obtain 
a morphism 

/: : fJ(i)Y. r(i + r) x j2r] in D((X*) Zar ). 

The properties (3a)-(3d) follows again from the local description in llShl p. 589. 
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3.7 p-adic etale Tate twist 

Let B be a Dedekind ring of mixed characteristics, and put S := Spec(£>). Let p be a prime 
number which is not invertible on S, and let be the full subcategory of Sch / S consisting 
of regular schemes X which are flat of finite type over S and satisfy the following condition: 

• Let B' be the integral closure of B in r(X, &x)- Then for any closed point x on 
Spec(5') with ch(x) = p, the fiber X xspec(B') x is a reduced divisor with normal 
crossings on X. 

Fix a positive integer n. For i G Z, we define 

r(i) := R£,Z n (i), 

where e denotes the natural morphism of sites ^ t — > ^zar, and % n {i) denotes the i-th etale 
Tate twist with Z/p n -coefficients HSat2ll Definition 3.5, a bounded complex of sheaves on 
^et- Then l~(*) = {V{i)} ie z is an admissible cohomology theory on . See HSat2H Theorem 
4.1 and Proposition 5.5 for the axioms 1231 (2). (3a)-(3c) and (4). The property (3d) follows 
from the construction of the push-forward morphisms given there and the corresponding 
property in §3 .21 above. 

4 Chern class of vector bundles 

In this section we define Chern classes of vector bundles over simplicial schemes following 
the method of Grothendieck and Gillet (cf. HQ p. 144 Theorem 1, llGiTTi Definition 2.10), 
and prove Theorem 14 . 2 I belo w. Let ^ be as in §1.11 and let l~(*) be an admissible cohomology 
theory on c €. 

Definition 4.1 {Chern class) For a simplicial object X+ in ^ we put 

// 2 *(x„r(*)):=0^(x„r«), 

which is a commutative ring with unity by the axioms 12.11 (a). (b). For a vector bundle E* 
over X*, we define the Chern classes of E* 

c(^) = (c l (^)) l > e// 2 *(x„r(*)) 

as follows. Let E* be of rank r, and let p be the natural projection P(E*) — > X*. Let L* aut be 
the tautological line bundle over P(£*) and put f := c x {Lf ut ) G # 2 (P(£*), l~(l)). There is 
a Dold-Thom isomorphism 

r r 

H 2 \X+, r(<)) = H 2r (F(E+), r(r)), {h)U ^ ^ Up*(^) (4.1.1) 

i=l i=l 

by the axiom [231(2) and Proposition El below. We define c (£^) := 1 G #°(X„, T(0)) and 
define (ci (£!*.), c 2 (E+), . . . , c r (E+)) as the unique solution (ci, c 2 , . . . , c r ) to the equation 

C + f- 1 U p*(ci) +•■• + £ U p*(c r _x) + p*(c r ) = 

in ff 2r (P(£*), r(r)). We define q(£*) := for i > r. 
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Theorem 4.2 Let X* be a simplicial object in c €. 

(1) (Normalization) We have Cq(E+) = 1 and Ci(E+) = Ofor i > rank(i<^). If E± is a line 
bundle, then Ci(£^) defined here agrees with the first Chern class in Definition ^. 2\ ( 2). 

(2) (Functoriality) For a morphism f : Y* — )■ X* of simplicial objects in and a vector 
bundle over X*, we have 



where f*E* denotes E* Xx+Y*, the inverse image of E+ by f. 

(3) (Whitney sum) For a short exact sequence — > E£ — > E+ — > E" — y of vector 
bundles over X*, we have 



whereZ(E+) denotes the augmented Chern class (rk(E+), c(£^)), and we endowed the 
set // 2 *(X*, l~(*)) with the X-ring structure associated with the graded commutative 
ring // 2 *(X*, l~(*)) ( HG2H Chapter I §3); * denotes the product of the X-ring. 

(5) The Chern classes c(E+) are characterized by the properties (l)-(3). 

The properties (1) and (2) immediately follow from the definition of Chern classes and 
the functoriality in Remark 1241 The property (4) follows from (3) and the splitting principle 
of vector bundles. The assertion (5) also follows from the splitting principle of vector bun- 
dles. The most important part of this theorem is the verification of the property (3), which 
we prove pursuing Grothendieck's arguments in [1G11 proof of Theoreme 1, in what follows. 
We first prove 

Lemma 4.3 Let E* be a vector bundle of rank r on X*. Let p : P(£i.) — » X* be the projective 
bundle associated with E+, and let V^ ut be the tautological line bundle over P(£7*). Suppose 
that we are given a filtration on E* by subbundles 



c(^)=c«)Uc(^) in // 2 *(X„r(*)). 



(4) (Tensor product) For vector bundles E* and over X*, we have 



c(^®££) = c(^)*c(££) 

in H 2 \X+ } l») := Z x {1} x J] H 2i (X„ r(i)) 



E* = E^ D El D • • • D El = 



(r : = rank(^)) 



such that the quotient El/El +1 is a line bundle for < i < r — 1. Then we have 



]\{c l {LT t )+V*c 1 {El/E^))=0 



in H 2r (W>(E*)J(r)). 



i=0 
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Proof. Put := p*E+ <8> L* aut , and let s : P(-E^) — > F± be the composite morphism 

8 : P(^) — > p*E* ® L?" = , 

where the central arrow is induced by the canonical inclusion (L* aut ) v <^-> Put 

F* := p*El (g) Ll aut , Gl := F* / 'F* +1 and J£ := for < % < r. 

Note that F% = Gl = (as vector bundles on P(E*)) and that F£~ l = G^ 1 is a line bundle 
on P(-E*). By a simple local computation, one can easily check the following: 

• For < % < r, each V- is smooth over Xj. Hence is a simplicial object in c $. 

• For < i < r — 1, V+ +1 is an effective Cartier divisor on such that the associated 
line bundle is isomorphic to G]\yi. Moreover VJ is empty. 

Now let f % : \Q <^-> V*~ l (1 < i < r — 1) be the natural closed immersion. Then we have 

r r 

H MLf") +p\ 1 {El- l /ED) = J] c^Gr 1 ) (Remark^ 

= U / 1 *(c 1 (G, 1 ) U ci(G?) U ■ • • U c^GT 1 ))) (the axioms EH(4)) 

= #(1 U (ci(Gi| K U c^G^i) U • • • U c^GrVO)) (RemarkQ 

= fl(l U /, 2 (1 U • • • U /r^l U Ci(GT V" 1 )) • • • )) (by recurrence) 

= is empty) 

as claimed. □ 

Proof of Theorem \4~2\ ( 3 ). Let — > El — > E+ — > E" — > be a short exact sequence of vector 
bundles over X+. Let n' : Dl — > X+ and n" : D" — > X+ be the (simplicial) flag schemes of 
El and E", respectively, and put 

D*:=Dlx x ^D:, 

which is identified with the flag scheme of n"*El over D". Let n : D+ — > X* be the natural 
projection. Since the pull-back map 

K*:H 2i {X,J{i))^H 2i (D*J{i)) 

is injective by (14.1.11) . we may replace (X*, E+, El, E") with (£>*, tt*E*, tt*E£, tt*E") and as- 
sume that Ei, has a filtration by subbundles 

E± = E® D El D ■ ■ ■ D E'l = (r := rank(£*)) 

such that the quotient El/ El +l is a line bundle for < i < r — 1 and such that El = El with 
s := rank(£'"). In this case, Cj(i?*) agrees with the i-th elementary symmetric expression in 

aj := c x {Ei~ l /Ei) with 1 < j < r 



by Lemma 1431 Similarly, Ci(E") (resp. is the z-th elementary symmetric expres- 

sion in oil, a 2 , . . . , a s (resp. a s+ i, a s+2 , . . . , a r ). The Whitney sum formula in question now 
follows from these facts. □ 
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5 Universal Chern class and character 

Let the notation be as in SjU In this section we review the construction of universal Chern 
classes due to Gillet HGilB §2, which will be given in (15.3.21) below. 

Let X be a scheme which belongs to Ob(^). Let n be a non-negative integer, and let 
B*GL n x be the classifying scheme of GL nX , the general linear group scheme of degree n 
over X. Applying the construction of Chern classes to the universal rank n bundle E" my over 
B*GL n> x, we obtain Chern classes 

q(£7 iv )e// 2 *(B*GL„ iX ,r(*)) (z>0) 

which are called the universal rank n Chern classes. We introduce the following notation: 

Definition 5.1 Let Y be a scheme, and let Shv(Y Zar ) (resp. Shv.(Y Zar )) be the category of 
sheaves of sets (resp. sheaves of pointed sets) on Y Zar . 

(1) We endow A op Shv m (Y Zar ), the category of simplicial sheaves of pointed sets on Y Zar , 
with the simplicial model structure HBG1 Theorem 2, whose class of cofibrations (resp. 
fibrations, weak equivalences) are defined as those of monomorphisms (resp. global 
fibrations, morphisms which induce weak equivalences on stalks). We write Jrf?o,(Y) 
for its associated homotopy category. 

(2) For a cochain complex (JP*, d') of abelian sheaves on Y Zar and an integer j G Z, 
consider the following complex: 

> &i~ 2 ^4 J^- 1 ^4 Ker(cF : & -> 

which we regard as a chain complex with the most right term placed in degree 0. We 
apply the Dold-Puppe construction HDPH to this complex to obtain a simplicial abelian 
sheaf on Y Zar , which we denote by J£T(JF*, j). 

(3) Let B+QP Y be the nerve of the g-category associated with the exact category Py of 
locally free (^V-modules. Let B+Q&y be the simplicial sheaf of pointed sets on Y Zar 
defined as 

U C Y (open) .— > B,QP V , 
which we call the K -theory space. 

Proposition 5.2 ( HGilll p. 221) For X as before and i > 0, there is a canonical homomor- 
phism 

H 2i (B,GL ntX ,V{i)) — )• Uor. m . {x) (B i <GL n {0 x ),,Xr{Y{i) x , 2i)). 
Here fi^GL n (^x) denotes the simplicial sheaf of pointed sets on X represented by B*GL n x . 

Proof. Let J 1 * be a ^-injective resolution of on ^zar> cf. JSp| , HHoL Consider double 
complexes 

C*' := r(B,GL n , x , and D*'* := Mor shv{Xzar) (B*GL n (0 x ), J x ). 
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There is a functorial homomorphism 

for each j > and fceZ, where we have used Yoneda's lemma in the first isomorphism. So 
the proposition follows from the canonical isomorphisms for leZ 



£r((C*'*) tot ) = £r(B*GL n> x, r(i)), 

H\(D*>') m ) S Mor jro#(x) (^GL n (^),^(r(i)x^))- 



See Proposition |A3](3) below for the upper isomorphism. See loc. cit. Theorem 1.12 for the 
lower isomorphism. □ 

For z > 0, we define 

Ci,„ G Mor jro . (x) (^GL n (^ x ) ) X{Y{i) x ,2i)) (5.2.1) 
as the value of q(i?" mv ) under the homomorphism in Proposition |5T2] We next define 

Q,oo e Mor^ . (x) (^GL(^),jr(r(i) X) 2i)) (5.2.2) 

as follows. Put J*T := Jf(r(i) x ,2i) for simplicity. For integers m > n > 0, there is a 
homomorphism of sheaves of groups 



GLJGx) — > GL m (^ x ), A ^ 



A 

Im—n 



where J m _ n denotes the identity matrix of degree m — n. This morphism induces a map 

< m : Mor^ . (x) ( J B,GL m (^ x ), JT) — > M or^ . w (^GL n ( ^ ), JT), 

which sends q )m to c» )n . Moreover, we have 

Mor, mj . {x) (B*GL(0 x ), X) = Mor Jtb . {x) (B it GL n (0x), for n > 

by stability ( HGilH Theorem 1.12, Proposition 1.17). Hence the class c^ n for a sufficiently 
large n defines the desired mapping class c iy00 . Applying to c iyOQ the completion functor 
of Bousfield-Kan HBK2I1 . we obtain a mapping class 

Zoo(q i00 ) e Morje b . { x)(ZooB*GL(0 x ), t L 00 X${$)x, 2*)) (5.2.3) 
We recall here the following fact (compare with [Sch| Warning 2.2.9): 
Proposition 5.3 ([Gil] Proposition 2.15) There exists a canonical {functorial) morphism 

7 : m*&&x — > Z 00 5,GL(^ X ) in M>o.(X), 
where Q.B ir ^l^ x denotes the simplicial sheaf of pointed sets on Xz 3r defined as 

U C X (open) i — > ttB+QPu. 
and QB+QPy denotes the loop space ofB+QPy (cf HGJ1I p. 33). 
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Proof. We are going to define 7 as the composite moronism in Mb,(X) 

QB^^ X = Z x Q B^^ X ^ SloB+g&x = ZooB±GL(0 x ), (5.3.1) 

where Q. B*J2£Px denotes the connected component of QB+JS^x containing the constant 
loop at 0. The last isomorphism is due to Quillen and Dror (cf. [SchJ Theorem 2.2.9, HGel 
Theorem 2.16), which is functorial in X. 

We construct the most left isomorphism of (15.3.11 ) in what follows. Fix an arbitrary open 
subset U C X. Let au : — > &u and flu : — > @u be the morphisms in QP V given by the 
diagrams (in Pu) 

^_0^V^r/ and 0„ 0„ 



respectively, and let £ be the loop _1 * a v on B i ,QP u , leaving for @ v along a v and 
coming back to along ( /?[/ ) — 1 - For n > (resp. n < 0), we define a loop £ n as the n- 
fold composition of I (resp. the (— n)-fold composition of i^ 1 = (au)^ 1 * /?[/). By the 
composition of loops, we obtain a functorial morphism of (pointed) simplicial sets 

ZxQ B*QPu—>nB*QPu, (n,x)^£ n *x. 
Sheafifying this map, we obtain a morphism in A op Shv,(X Zar ) 

A : Z x Q B^^x — ► QB^^ X , 

which is obviously functorial in X, and moreover, a weak equivalence in the sense of 
Definition 15.41 (1). Indeed, K (&x,x) for x 6 X is generated by the above loop i (i.e., 
Kq(&x,x) — Z), and the stalk \ x is a weak equivalence by the theorem of Quillen mentioned 
before (cf. [Gra| p. 228). Thus we obtain the desired isomorphism. □ 

Finally we define the universal Chern class as the composite morphism in J#b,(X) 

Q : QB^&x — ^ ZooB*GL(0x) 

Z fc. ) ( 53 - 2 ) 

-^=4 7L^X{Y{i)x^ = Jt(r({)x,2i), 



where the last isomorphism is a natural one obtained from the fact that simplicial abelian 
groups are Z-complete HBK1H 4.2. We next review the universal augmented total Chern class 
and the universal Chern character, which will be useful later. 

Definition 5.4 dlGTTTl Definition 2.27, 2.34) Let X be a scheme which belongs to Ob(^). 

(1) For e Ob(A op Shv.(X Zar )), we define H 2i (X, <£; r(i)) (resp. H°(X, #*; Z)) as the 
mapping class group Mor, mj . {X )(^, J(f{T{i)x> 2i)) (resp. Mor^. (X )(^, Z)). 

(2) We define the universal augmented total Chern class as 

C := (rk, C , Q, C 2 , . . . ) E H°{X, QB^ X ] Z) x J[ H 2l (X, QB^ X ; !"«), 

where rk denotes the class of the rank function Q.B+£l3Px — > Z. Note that C is the 
constant function with value 1 . 



18 



(3) (cf. HG2H Chapter I (1.29)) We define the universal Chern character as 

ch := rk + J\og(l + jr C t X\ E H (H 2l (X, QB^ X ; r(z)) ® Q), 

^ ^ i=l ' ' i>0 

where 77 = (rji)i> denotes the graded additive endomorphism 

»7<(»<) : = t^ttt ■ x < to e ^ 2i ( X ' r(i)) ® Q). 

For a morphism / : Y — > X in , there is a commutative diagram in J$?o,(Y) 

rQB^&x ^ tJf{V{i)x, 20 (5.4.1) 



r 



r 



QB+g&y Cl ' Y JtV(i) Y , 2i) 



by Theorem 14.21 (2) and the construction of Q. One can also check a similar commutativity 
for the universal Chern character. 

We end this section with the following definitions and facts, which will be useful later. 

Definition 5.5 Let X be a scheme. 

(1) We say that an object ^ of Z\ op S/zv.(X Zar ) is flasque, if it is fibrant. We say that a 
morphism r : §± — > ^ in A° p Shv 9 (X Zar ) is a. flasque resolution of S^, if r is a weak 
equivalence and is flasque. 

(2) For a scheme X and a closed subset Z C X, we define the functor 

i?r z (X, -) : Jto.(X) — ^ J^o. 

as 1 — ^ Fib(i~'(X, — » _r(X \ Z, ^*)), where Fib denotes the mapping fiber and 
denotes a flasque resolution of <f* in Z\ op S7zv.(Xz a r)- 

(3) For a morphism / : Y — > X of schemes, we define the functor 

Rf* : JPo.iY) — > ^o.(X) 

as 1 — ^ f*^*, where denotes a flasque resolution of $+. When / is a closed 
immersion, we define 

Rf : JTo.(X) — + Jt?o.(Y) 

as 1 — y f*Fib(^ — > j*j*J?*), where j denotes the open immersion X \ Y <^-> X 
and Fz'Z? means the sheafified mapping fiber. 

Proposition 5.6 Let f : Y X be a morphism of schemes, and let j be an integer. 
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(1) Let be a cochain complex of abelian sheaves on Yz 3r - Then we have 

Rf^{^\j) = Jf{Rf^\j) in J^o.(X). 

(2) Suppose that f : Y —y X is a closed immersion, and let ( S* be a cochain complex of 
abelian sheaves on Xz 3r . Then we have 

Rf\XW\j)^X{Rf\r,j) in J?o.(Y). 

Proof. The assertions follow from the following fact: For a chain complex of abelian Zariski 
sheaves on a scheme 

J. - y Jr — > y J 2 — > — > ^0 

with each ^ flasque (in the abelian sense) for % > 0, its associated simplicial abelian sheaf 
is flasque, cf. llGJl Chapter IE Lemma 2.9. □ 



6 Chern class and character for higher if -theory 

Let the notation be as in $4l Let X be a scheme which belongs to Ob(^), and let Z be a 
closed subset of X. For a simplicial sheaf of pointed sets G Ob(Z\ op 5/zv,(Xz ar )) and a 
non-negative integer j > 0, we define 

H z j (X,&) := TTjiRrziX,^)) = Mor^ . {x) (^,^), 

where 6^ z denotes the constant sheaf (of simplicial pointed sets) on Z associated with the 
singular simplicial set of the j-sphere. See Definition |53](2) for RTz(X, —). We first note 

Lemma 6.1 Let be a cochain complex of abelian sheaves on Xz 3r - Then for j > and 
i e Z, there is a canonical isomorphism 

H z \X,,T(^-,i))=H l p(X,^-), 

where the right hand side means the hypercohomology of J^"* with support in Z in the sense 

of mi 

Proof. See HGilll Corollary 1.13. Note that the degree of the left hand side is not j but — j, 
correctly. See also HBGI §2 Proposition 2. □ 

Let K?(X) = Kj(X, X \ Z) be the j-th algebraic ^-group of X with support in Z. We 
define the Chern class map 

C*,x : Kf (X) — > H 2 t j (X, r(i)) (6.1.1) 

as the composite map 

Kf(X)=H-\X,nB^ x )^H-\X,Jf(r(i) x ,2t))=H z l -\XJ(i)). 

Here Q denotes the universal Chern class (I5.3.21 ). We have used Lemma I6TI in the last 
isomorphism. The map Cf ox , i.e., the case j = and Z = X agrees with q for X* = X 
(constant simplicial scheme) defined in Definition 14. 1[ 
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Proposition 6.2 (1) Cfj is contravariantly functorial in the pair (X,Z), that is, for a 
morphism f : X' — )■ X in c io and a closed subset Z' C X' with f~ x (Z) C Z' , the 
following diagram commutes: 



Kf(X) 



c z 



HT 3 (xj(i))^H^(x',\-(i)). 



Kf(X') 



(2) Cfjx is additive for j > 0. 

Proof. (1) follows from the definition of Cfj X and the commutative diagram (I5.4.1I ). The 
assertion (2) follows from Theorem 14.21 (3) and the arguments in HGill Lemma 2.26. □ 



Remark 6.3 For the proof of Proposition \6.2\ we need the framework of Chern classes of 
representations HGill Definitions 2.1 and 2.10, which we omit in this paper because one can 
easily establish it under our setting by the same arguments as in loc. cit. 

Definition 6.4 (1) We define K*(X) as the direct sum of Kf(X) with i > 0, and define 
H* Z (X, I~(»))q as the direct product ofW z (X, l~(n)) <g> Q with i,n>0. 

(2) We define the Chern character 

chf : — ► H* Z (X, r(.)) Q 

as the composite map 

Kf (X) A n (H~\X, X(Sii) x , 2i)) ® Q) = J] (Hf-'ix, r(<)) ® Q) • 

i>0 i>0 

Here ch denotes the universal Chern character defined in Definition 15.41 (3). We often 
write chx for ch^. 

Proposition 6.5 (1) chf is contravariantly functorial in the pair (X,Z), that is, for a 
morphism f : X' — )■ X in ^ and a closed subset Z' C X' with f~ x (Z) C Z', the 
following diagram commutes: 



r 



Kf(X') 



chf 



f* 



chf, 



H* Z {XJ{.))^H Z ,{X>J{.)). 



(2) The Chern character ch x is a ring homomorphism. 

Proof. (1) follows from the definition of chf and the commutative diagram (15.4.11) . The 
assertion (2) follows from Theorem 14.21 (4). Proposition 16.21 (2) and the arguments in HGill 
Proposition 2.35. □ 
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7 Push-forward for projective morphisms 

Let and l~(*) be as in $11 See §1.2l for the definition of projective morphisms. 
Definition 7.1 Let / : Y — > X be a projective morphism in c €. 

(1) By taking a factorization 

/ : Y <—?->. P^ » X 

with g a closed immersion, we define the relative dimension of / as the integer m — 
codim(g). Because we deal with only universally catenary schemes, this number is 
independent of the factorization. 

(2) We say that / is regular if / has a factorization as above for which g is a regular closed 
immersion. A regular projective morphism is a regular morphism in the sense of HFU 
p. 86. 

Now let r(*) be an admissible cohomology theory on c f, and let / : Y — > X be a 
regular projective morphism in If. The main aim of this section is to construct push-forward 
morphisms in D(Xz 3r ) 

/, : RfJ{i + r) Y [2r] — > T{i) x (i E Z) (7.1.1) 

and prove Theorem 17 .21 below, where r denotes the relative dimension of /. The results in 
this section will play key roles in the following sections. Taking a factorization 

/ : Y f 9 > =: P m — ^ X 

of / such that g is a regular closed immersion, we are going to define the push-forward 
morphism (17.1.11) as the composite 

RfJ{i + r) y [2r] S Rp*RgJ(i + r) Y [2r] R -^RpJ(i + m) pm [2m] V(i) x , 
where p$ denotes the composite of the Dold-Thom isomorphism and a projection 

rn 

p t :RpJ(i + m) wm [2m] S ["(z + m - j)x[2{m - j)\ — > r(z)jf . 

i=o 

Theorem 7.2 Lef f : Y X be a regular projective morphism in % '. 

(1) (Well-definedness) f\ does not depend on the choice of a factorization off. In partic- 
ular, we have f\ = /j when f is isomorphic to a natural projection P^ — > X. 
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(2) (Projection formula) The following diagram commutes in D(Xz 3r ): 



v{i) x ® Rf.ru + r) Y [2r] ' ,dm : r{i) x I r(j) x 



product 



RfJ(i) Y <g RfJU + r) Y [2r] p -^RfJ(i + j + r) Y [2r) r(i + 



(3) (Transitivity) For another regular projective morphism f'-.Z^Yinff of relative 
dimension r', the composite morphism 

R(f o f')J(i + r + r') z [2(r + r')] * Rf^RfJ^ + r + r') z [2(r + r')] 

JURfJ(i + r) Y [2r]^rC 



agrees with (/ o f) \ . 
(4) (Base-change property) Let 



Y' 



r 



x' 



Y 



X 



be a commutative diagram in c € such that f and f are regular projective morphisms 
of relative dimension r and such that a and (3 are closed immersions. Let U be an 
open subset of Y for which the following square is cartesian: 

p-\u) f% ' Hu) X' 



u 



X. 



Then for a closed subset Z C Y contained in U, the diagram 



R(aof%Rr p - Hz) (Y',r(i + r))[2r] 
Rf*RTz(YJ(i + r))[2r] 



aJtr_ a -iffiz)){X' , V(i)) 



Rr m {x,v(i)) 



commutes in D(Xz ar ). 



Remark 7.3 (1) Applying Theorem \7.2\ to the example in $3. 6\ we obtain push-forward 
morphisms of logarithmic Hodge-Witt sheaves for projective morphisms of regular 
schemes over ¥ p , which satisfy the properties listed above. This result answers the 
problem raised in llShl Remark 5.5 affirmatively, and we obtain the same compatibility 
as in loc. cit. Theorem 5.4 for W n Q!\ og with n > 2 as well. 
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(2) We do not need the axiom \2~5\ (4) to prove Theorem \7.2\ 



We first prepare the following lemma: 



Lemma 7.4 Let X be an object of^. Let m and n be non-negative integers, and put P m := 

pm pn . = pn and pm x pn ._ pm x ^ pn 

(1) Le? p : P m — > X be the natural projection, and let s : X — )■ P m Z?e a section of p. 
Let £ G // 2 (P m , T(l)) Z?e the first Chern classes of the tautological line bundle on P m . 
Then we have 

s,(l) =f™ m // 2m (P m ,[~(m)), 
w/zere s; denotes the push-forward map H°(X, l~(0)) — >■ // 2m (P m , l~(m)). 



P^ — > X be the natural 



(2) Put N := mn + m + n. Let p' : P n X and g : P w 

projections. Letip : P m xP n P^ £e f/ie Segre embedding, and let it : P m xP n P 
£>e the first projection. Then the diagram 



R(p x p')J(i + m + n)pm xP n[2(m + n)] 



■RqJ(i + N) pN [2N] 



RpSii + m)pm[2m] 



w commutative in D(Xz ar ) for each i 6 Z. 



X 



(3) Le? g : F > X be a regular closed immersion of codimension c in c €. Let py : Py — > 
Y be the natural projection, and let g' : P™ P m (= P™) &e the regular closed 
immersion induced by g. Then the diagram 



g*RpY*f(i + m) P m[2m] 

gJ(i)Y 



■RpS{i + m + c)pm[2(m + c)] 

Ptt 

^r(i + c) x [2c] 



commutes in D(Xz ar ) for each i G Z. 

(4) Le? F G Ob(^) &e a scheme over X, and let g : F P m and /i : F ^ P n &e regular 
closed immersions over X. Let tp : F «->■ P m x P n Z?e ?/ze closed immersion induced 
by g and h. Then ip is a regular closed immersion, and the diagram 




R-nJ(i + n + c) P m xP n[2(n + c)] 



commutes in D((F m ) Zar ) for each i £ Z. //ere c denotes codim(g), and 7r : P m xP" 
P m denotes the first projection. 
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Proof of Lemma \7~4\ (1) The assertion follows from the axioms in Definition 12.51 (3). whose 
details are straight-forward and left to the reader. 

(2) Let s : X -> P m and f E # 2 (P m , l~(l)) be as in (1). Let rj E H 2 (F n , T(l)) (resp. 
( E H 2 (F N , T(l))) be the first Chern classes of the tautological line bundle on P n (resp. on 
P^). Fix a section s' : X — > P n of p', and let a : X — >■ P m x P n be the morphism induced 
by s and s'. By a similar argument as for (1), we see that 

^,(1) = 7r*(0 U Tx* 2 (7] n ) in H 2im+n) (F m x P n , Y(m + n)), 
(^0^,(1) = ^ in H 2N (¥ N ,r(N)). 

One can easily deduce the assertion from these facts. 

(3) By the axioms in Definition [23](3), the following diagram commutes in D(Xzar)'- 

g*RpY*f~(i + m)pm [2m] P -— — ^Rp*Y{i + m + c)pm[2(m + c)] 

07=0 ff.r(i + j)y[2j] 2 -07 =o r(z+i + c) x [2(i + c)], 

where the vertical isomorphisms are the Dold-Thom isomorphisms. The assertion follows 
from this fact. 

(4) The first assertion follows from [BGIJ Expose VIE Corollaire 1.3. As for the second 
assertion, replacing P m with X, we may assume that m = and that Y is a closed subscheme 
of X via g. Then decomposing tp{= h) as Y Py P^, we see that the assertion is 
reduced to the results in (1) and (3), by the transitivity in Definition l2.5l (3c). □ 

Proof of Theorem \7.2\ We only give an outline of the proof here, whose details would 
be standard and left to the reader. We write P m for the projective space P^ over X for 
simplicity. 

(1) Suppose we are given two factorizations Y P m — > X and Y <^-> P n — > X of /. 
There is a commutative diagram in ^ 

Y f *P jpm s<< TCWl f ^ jpmn+m+n 

x, 

where ip denotes the closed immersion induced by g and h, and ip denotes the Segre embed- 
ding. The right vertical arrow q denotes the natural projection. Note that cp and ip are both 
regular by HBGI1 Expose VHI Corollaire 1.3 and [GD2J Theoreme 17.12.1, respectively. By 
Lemma 1741 (2). (4) and the axioms in Definition [23](3), we have 

P$ oR P*(g\) = Qi oR( l*{{^ ° : RfJ(i + r)y[2r] — > r(i) x , 
which implies the assertion. 
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9 V 

(2) Fix a factorization Y <— > P m — > X of /. The projection formula holds for g by the 
axiom in Definition 12 . 5l (3b) . and holds for p as well because the Dold-Thom isomorphism is 
compatible with the left multiplication by V(*) x , cf. Definition l2.5l (2 N ). The assertion follows 
from these facts. 

(3) Taking factorizations / : Y <4 P m A X and /' : Z A P n A Y, one can easily 
deduce the assertion from Lemma I7"4l (3). (4). The details are left to the reader. 

9 p 

(4) Fix a factorization Y <-» P m — > X of /. There are cartesian squares 



17- 



□ 
g\u 



Jam 



■P r ' 



■X' 



□ 



where the horizontal arrows of the left square are (locally closed) immersions. The assertion 
holds for the right square and a closed subset W C P m by the definition of push-forward 
morphisms. On the other hand, the assertion holds for the left square and a closed subset 
Z C Y contained in U by excision and the base-change property in Definition |23](3d). The 
assertion for / follows from these facts and the transitivity established in (3). □ 



Corollary 7.5 Let Y G Ob( < ^ 3 ) be a scheme which admits an ample family of invertible 
sheaves, and let tt : E — )■ Y be a vector bundle of rank r + 1. Let p : F(E) — )■ Y be the 
projective bundle associated with E, cf. (11.2.11) . Then for each ieZ, the push-forward map 

p\ : Rpjii + r) P (£)[2r] — y V(i) Y 

agrees with the composite of the Dold-Thom isomorphism and a projection 

r 

p % :RpJ(i + r) nE) [2r] = V {i + r - j) Y [2(r - j)} — > V(i)y in D{Y Zar ). 

j=0 

Proof. By a standard hyper-covering argument, we may assume that E = Ay +1 . Then the 
as sertion follow s from Theorem I7.2K 1 ) . □ 



Corollary 7.6 Let Y e Ob( < ^ ? ) be a scheme which admits an ample family of invertible 
sheaves, and let it : E — )■ Y be a vector bundle of rank r. Letp : X := ¥(E®1) — Y be the 
projective completion of E, where 1 denotes the trivial line bundle over Y. Let f :Y X 
be the zero section of p, and let Q be the universal quotient bundle p*(E © l)/(L taut ) v on 
X. Then the map f\ sends the unity 1 6 H°(Y, l~(0)) to c r (Q) G H 2r (X, T(r)). 

Proo/ Let ^ := Ci(L taut ) G i7 2 (X, T(l)) be the first Chern class of the tautological line 
bundle over X, and let i x : ¥{E) V(E © 1) = X be the infinite hyperplane. The 
Dold-Thom isomorphism in the axiom |231 (2) (for both X and F(E)) and the functoriality 
mentioned in Remark 1241 imply that the kernel of the pull-back map 

C:^ 2r (X,r(r))^// 2r (P(E),r(r)) 
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is generated, over H°(Y, l~(0)), by the element 

f + r _1 U p*c x (£) + f ~ 2 U p*c 2 (E) + ■■■+ p*c r (E) = Cr(Q), (7.6.1) 

where we have used Theorem 14.21 (3) for X+ = X to obtain the last equality. On the other 
hand, we have i*^ o f\ = 0, because f\ factors through Hy(X, T(r)) and i*^ factors through 
H 2r (X \ Y, r(r)). Therefore belongs to Ker(^) and we have 

/,(!) = a ■ Cr(Q) for some a G H°(Y, l~(0)). 



It remains to check a = 1. By the transitivity in Theorem l7.2l (3). the claim is further reduced 
to the equality p\(c r (Q)) = 1, which follows from the equality (17.6.11 ). Theorem 17.21 (2) and 
Corollary [73] for E © 1 over Y. □ 



8 Construction of a universal polynomial 

For an indeterminate x, we define 

Z[xf := {/(ar) G Q[x] | /(m) G Z for any m G Z}. 

Let n and r be integers with n > and r > 1. In this section, we construct a universal 
polynomial 

PnAtoih, ■ ■ .,t n ;ux,U2, ■ ■ ■ , u r ) G Z[to]°[ti, • • • ,t n ;u 1} u 2 , . . . ,u r ], 

in an explicit way, modifying the construction of Fulton-Lang [FLJ Chapter II §4. This 
polynomial agrees with the polynomial considered in HG21 Chapter I Proposition 1 .5 up to 
signs of u/s with j odd, and plays a central role in the Riemann-Roch theorem without 
denominators (cf. llJou l §1). See also Proposition 18 .41 and Theorem 19. 1 1 below. We start with 
indeterminates a = (a 1; a 2 , . . . , a n ), b = b 2 , ■ ■ ■ , b r ) and a power series 

n r 

F n>r (o, 6) :=[][] J] (1 + a, - b kl - b k2 h^- 1 *, 

i=l j=0 ki< - <kj 

which has constant term 1 and is symmetric in a±, a 2 , . . . , a n and also in b±,b 2 , ... ,b r . It 
is well-known that F n r (a, b) — 1 is divisible by bib 2 ■ ■ ■ b r (cf. [FL] p. 44). We mention 
here a Chern-class-theoretic meaning of the power series g r (b) := F lir (0, b). Let s, be the 
i-th elementary symmetric expression in bi, b 2 , ■ ■ ■ , b r , and let G r (ti, t 2 , . . . , t r ) be the power 
series satisfying 

g r (6) = 1 + s r ■ G r (si, s 2 , ■ ■ ■ , s r ). 
The following fact will be useful later in $9]below: 
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Proposition 8.1 Let ^€ and l~(*) be as in £0 and let ir : E X be a vector bundle of rank 
r with X G Ob(^). Then we have 

J2 Q(A_!(£ V )) = 1 + c r (E) U G P (ci(£), c 2 (£), . . . , c r (£)) (8.1.1) 

m complete cohomology ring H 2 *(X, l~(*)) := Hi>o H 2l (X, l~(z)), where we defined 
\-i{E y ) := 1 - [£ v ] + [A 2 E V ] + {-l) r [A r E v } 6 £ (X). 

Proof. We may assume that _E is an successive extension of line bundles L%, L 2 , • • • , L r by 
the splitting principle of vector bundles, cf. the axiom 1231 (2). Theorem 14.21 (2). Put (3j := 
Ci(Lj) e H 2 (X, r(l)). Then the left hand side of (IBTTTTT) agrees with 

n (e c ^ aj ^ v )) ( = n n o- - ^ - — < 8 - l2 ) 

by Theorem 14.21 (3) for X* = X. On the other hand, the right hand side of (18.1.11 ) agrees 
with that of (18.1.21) by the definition of g r (b). Thus we obtain the proposition. □ 

We next consider a power series 

Jn, r (a, b) := F njr (a, b) ■ g r (b)~ n , 

which is symmetric in ai, a 2 , . . . , a n and in bi, 62, • • • , b r as well. 

Lemma 8.2 (1) J n , r (a, b) — 1 is divisible by b\b 2 • • ■ b r . 

(2) Let aj be the j-th elementary symmetric expression in a±, a 2 , . . . , a n for 1 < j < n. 
Then we have 

(1 + o x + a 2 H h <x„) * gr(6) = J„, r (a, 6), 

where * denotes the product of power series in the sense of HG2II Chapter I $3 (1.16)- 
(1.17bis) defined by regarding aj and bj as of degree 1. 

Proo/ (1) follows from the fact that F n>r (a, b) — 1 and g r (b) — 1 are both divisible by 
bib 2 ■ ■ ■ b r . As for (2), we have 

(1 + ai + <7 2 + • • • + a n ) * g r (b) = {(1 + ai)(l + a 2 ) • ■ ■ (1 + a n )} * g r (b) 



1 + a» — 6 fcl - 6fe 2 



^s^( a^-;-;-.-t) i 

by the definition of the * -product. □ 
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Definition 8.3 Let h ntr (t , a, b) be the homogeneous component of degree n + r, with re- 
spect to a and b, of the power series 

J„, r (a, b) ■ g r (b) t0 = F„, r (o, 6) • g r (6)*°- n E Zltofla, bj, 

where t is of degree 0, and (1 + x) v means the binary power series 



By Lemma [8^21 (1 ). /z nr (t , a, 6) is divisible by b^b 2 ■ ■ ■ b r . We finally define the desired 
polynomial P n>r as that satisfying 

where Oj is as in Lemma l8T2l (2). and Sj denotes the j-th elementary symmetric expression 
in bi, b 2 , . . . , b r . Note that P n ,r(to, h, ■ ■ ■ , £n! M i ; u 2, ■ ■ ■ , u r ) is weighted homogeneous of 
degree n, provided that tj and Uj are of degree j. The first few examples are as follows: 

fV(*o;ui,«2,...,«r) = (-l)"" 1 (r - 1) ! t , (r > 1) 
t (t + 1) 

Pi,i(t ,*i; ui) = — u\ - h, 

P\${ta, h\ ui, u 2 ) = -t Q ui + 2ti, 

^2.1 (to, h, t 2 ; ui) = to(t ° + 1 J (t ° + 2) u\ - {t + l)t lUl +tl- 2t 2 . 

o 

Proposition 8.4 Consider a series 1 + ti+t 2 + ■ ■ ■ — 1 + J2i>i r «> an d suppose that Tj and 
Uj are of degree j. Then the weighted homogeneous component of degree n of the series 

{(1 + T\ + T 2 H ) * (1 + u r ■ G r (ui, u 2 ,... ,u r ))} ■ (1 + u r ■ G r (ui, u 2 ,... ,u r )) to 

is u r ■ P n -r,r(to, Ti, t 2 , ... , T n _ r ; Ui, u 2 , . . . , u r ) (resp. zero) for n > r (resp. for 1 < n < r). 
Here * denotes the product considered in Lemma \8.2\ (2). 

Proof. The assertion is a consequence of Lemma 18.21 The details are straight-forward and 
left to the reader. □ 



9 Riemann-Roch theorem without denominators 

Let and l~(*) be as in £j4[ and let / : Y <^-> X be a regular closed immersion of codimension 
r which belongs to e if. Using the universal polynomial P n r constructed in ^J8j we define 

Pn.Y/X ■= PnA r K Gl, C 2 , • • • , C n ; Ci(JVy/x), c 2 (N Y /x), • • • , c r (N Y /x)) 

e Mor^ . (y) (Q5,^y, Jf(l»y,2n)) 
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if n > 0. Here Ci{N Y /x) £ H 2l (Y, denotes the i-th Chern class of the normal bundle 
Ny/x- See Definition 15 .41 (2) and (15.3.21) for rk and Q, respectively. Note that P n y/x is well- 
defined, because the rank function has integral values. We define P n> y/x as zero if n < 0. 
Now we state a local version of Riemann-Roch theorem without denominators: 

Theorem 9.1 Let f : Y ■=->■ X be as above, and assume that X and Y are both regular and 
that Y has pure codimension r > 1 on X. Assume further the following condition: 

(#) The blow-up of X x P 1 := X x Spec ( Z ) F% along Y x {oo} belongs to Mor(^). 

Then the following diagram commutes in J^o,(Y) for any i > 0: 

/. 



■ RfQB^x 



H-r,Y/X 



/! 



CY x :=Rf'-(C t ) 



Jf(V(z - r) Y , 2{i - r)) -^tff ! jr(r(i)x, 2i), 

where the upper horizontal arrow denotes the canonical isomorphism due to Quillen ([|Q| 
§7). See Definition ^. 5\ ( 3) for Rf l . 



Remark 9.2 Theorem \9.1\ is a generalization of a theorem ofGillet [Gil ] Theorem 3.1. How- 
ever, we have to note that his proof relies on an incorrect formula C Y (^y) = ji(A_iC(iV)) 
under the notation in loc. cit. Compare with (19.2.31 ) and (19.2.41 ) below. 

Proof. We prove Theorem 19. II in two steps by revising Gillet's arguments in HGilB §3. We 
use the facts in Proposition ^ .6l freelv in what follows. 

Step 1. Assume that / is isomorphic to the zero section of the projective completion 
7r : F(E © 1) — > Y of a vector bundle E — > Y of rank r, where 1 denotes the trivial line 
bundle on Y. In this step we prove that the diagram (19.2.51) below is commutative, which is 
weaker than the assertion of the theorem and does not require the assumption (#). We first 
prove that the following diagram commutes in Jtb.(Y): 



"i-r,Y/X 



Rir^B^^x 



(9.2.1) 



- r) Y , 2(i - r)) -^Rn^(r(i) x , 2i), 



which is also weaker than the theorem. For Z G Ob(^), let 3%z be the direct sum of 
J^(r(i)z, 2i) with i > 0, which we regard as a graded commutative ring object with unity 
in Jtfo.(Z). Let & z + be the product of JT(T(z) z , 2i) with i > 1, and put 



A z := Z x {1} x g Ob(^ op 5/zv.(Z Zar )), 
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which we endow with the ring structure associated with &z to obtain a ring object in 
Jifo,{Z) ( HG2H Chapter I §3). There is a commutative diagram in Jtb,(Y) 



?•/*(!*) 



-Rtt*A x 

( ?*Cx(/.(lx)) 



(9.2.2) 



where 1^ denotes the unity of K (Y), and * (resp. •) denotes the product structure on A x 
(resp. Q.B+^&'x, cf. [Gilj (2.31)). The square commutes by Theorem 14.21 (4) and loc. cit. 
Lemma 2.32. The triangle commutes by the projection formula for ^-theory, cf. flTTB Propo- 
sition 3.17. Let us remind here the following formulas: 



= A-i(Q v ) in K (X), 
/,(l r ) = c r (Q) in H 2r (XJ(r)), 



r ilFLlI Chapter V Lemma 6.2) 



(Corollary E6 



(9.2.3) 
(9.2.4) 



where Q denotes the universal quotient bundle ir*(E © l)/(L taut ) v on X and lr denotes 
the unity of H°(Y, l~(0)). We have used the fact that Y admits an ample family of invertible 
sheaves llBGlll Expose H Corollaire 2.2.7. 1 , in applying Corollary EH By (I9T21) and (l9T23i 
Cx ° /* agrees with the composite 



Cx 



X 



Rn*A 



★ C x (A_i(Q v )) 



■Rtt*A x . 



The composite morphism Qx o in (19.2.11) is this composite morphism followed by the 
projection to Rir*,J^(r(i) x , 2i), which is zero if % < r by Propositions 18. II and 18.41 As for 
the case i > r, when we put 



, . . . , Cj_ r) Ci((5) ; • • • ; C r (Q))) 



we have 



Q,x ° /* = (c r (Q) U Pi_r, r (rk, C x ; Q)) o n* 
= (/,(l r )UP i _ r , r (rk,C Jf ;Q))o7r* 
= /ioffi-r,r(rk ) C x ;Q)of*on* 

= f\° Pi-r,Y/X- 



CDE3 rk(A_i(Q v )) = 0) 
(by (19X41 ) 
(the axiom l231 (3b)) 
((HAD, /*Q = N Y /x) 



Thus the diagram (19.2.11 ) is commutative. Finally we obtain a commutative diagram 

/* 



(9.2.5) 



JT(r(z - r) y> 2(2 - r)) -^P/ ! Jf(r(i) X) 2i) 
from (19.2.11) and the transitivity in Theorem 17 .2 1 (3). 
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Step 2. We prove the theorem using the result of Step 1 and deformation to normal 
bundle. Let t : Spec(Z) — > P^ =: P 1 be a morphism of schemes, and consider the following 
commutative diagram of schemes: 



h:=fx\d 



Y FxP 1 M — ^ IxP 1 — P 1 




Spec(Z). 



Here g denotes the blow-up of I x P 1 along Y x {oo}, which is projective in our sense 
because X x P 1 is regular and admits an ample family of invertible sheaves. Note also that g 
is a morphism in by assumption. The arrow £ is a closed immersion induced by h, where 
we have used the fact that Y x {00} is an effective Carrier divisor on 7 x P 1 . The vertical 
arrows are morphisms induced by t. The arrow £ f (resp. g t ) is the pull-back of £ (resp. g). 
Note that we have 

ix (t ^ 00) 

\F(N Y /x © 1) U X (t = 00), 



M, 



where X denotes the blow-up of X along Y. In particular, ^ (resp. g t ) is identical to / (resp. 
idx) when t 7^ 00. As for the case t — 00, it is well-known that ¥(Ny/x © 1) meets X along 
the infinite hyperplane F(N Y /x) an d that ^ factors through the zero section 



s : Y 



Y/X 



- P 



( s (y)nP(%) = 0) 



(see e.g. HFLU Chapter IV §5). Let g be the restriction of g^ to P^. We will prove the equality 
of morphisms 



(9.2.6) 



in J4?o,(Y), where g denotes the restriction of g^ to P M and the right hand side of this 
equality means the composite morphism 



Rs'jf{Y{i) ¥ ^2i)^Rfjf{Y{i) x ,2i). 



We first check that (19.2.61 ) implies the theorem. Indeed, we have 



9i C ^ Poo s 

•Y 



= fi n Q, Poo s* 

— f\ ° Pi-rY/X 

as claimed, where 7r denotes the projection P c 
iVy/p^ in applying the result of Step 1 . 



(by (19X61) ) 
(Theorem E2](3)) 
(by ffl) 

Y" and we have used the fact that X 



Y/X 
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We prove (19.2.61 ) in what follows. Noting that M belongs to Ob(^) by (#), consider 
composite morphisms 

a : QB+g&Yxpi H R^QB^^ M ^ R^ l Jt{r(i) M ,2i) 4 Rh l Jt{r(i) XxP i, 2i), 

(3 t : QB^^y 4 Rp*nB^0> YxP i 4 Rp*Rh l J(r(r(i) Xx¥ i, 2i) % Rf-Jtr(V(i) x , 2i). 

One can easily check that 

A) = Cjx o /„ and [3^ = g, o C? Poo o s* 

by the functoriality of Chern class maps (cf. Proposition 16.21 (D) and the base-change prop- 
erty in Theorem 17.21 (4). Moreover, we have 4>l = 0^, i.e., (3 = (3^. Indeed, we have 

R P ,Rh [ jr(r(i) Xx¥lj 2t) = Rfj*r(r(i-j) x ,2(i-j)) 

3=0,1 

by the Dold-Thom isomorphism, cf. the axiom [231 (2). and the pull-back of the tautological 
line bundle onlxP 1 onto X x (P 1 \ {t}) is trivial for any t e ¥ 1 (Z), which imply that 
both 0q and 0^ agree with the natural projection. Thus we have 

^Ix /* = 00 = Poo = 9\ O Cgp^ O S * , 

which completes the proof of the theorem. □ 

As a direct consequence of Theorem 19. 11 we obtain the following Riemann-Roch theorem 
without denominators: 

Corollary 9.3 Under the setting ofTheorem \9.1\ the diagram 

Kj(Y) t Kj(X) 

Pi-r,Y/X,j C I,j,X 

H 2(i- r )-i(Y, r(i - r)) -J^H^ j (X, r(i)) 
is commutative for any i,j > 0, where Pi- r ,Y/x,j denotes the composite map 

Kj(Y) ?l - r ' Y/x ) H~3(y, - r) y , 2{i - r))) = H 2 ^- r ^(Y, Y{i - r)) 

and we have used Lemma \6A\ to obtain the last isomorphism. 

10 Grothendieck-Riemann-Roch theorem 

Let and r(*) be as in £@1 In this section, we prove Theorem 110.11 below. Let / : Y — > X 
be a projective morphism in ^, and suppose that X and Y are regular. See Definition I6.4l for 
K*(Y) and H*(X, I"(»))q. By taking a factorization 

/ : Y r 9 y P := P^ X 
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with g a closed immersion, we define the virtual tangent bundle Tj of / as 

T r .= [g*T P/x }-[N Y/F }eK (Y), 



which is independent of the factorization of /, cf. llFL I Chapter V Proposition 7.1. Note that 
the relative dimension defined in $7] is exactly the virtual rank of Tj. We further define the 
Todd class td(7» G H*(Y, |~(«)) Q as 

td(2» := td{g*T m )/td(N Y/P ) 

= i + c i( T /) + a(Tf) 2 + c 2 (T f ) + ^(T/teCT,) 



2 12 24 

- Cl (7)) 4 + 4c 1 (T / ) 2 c 2 (T / ) + djTffajTf) + 3c 2 (T f f - c 4 (T / ) 

+ 720 ' 

which is independent of the factorization of / as well. 

Theorem 10.1 Let f : Y — >■ X be a projective morphism in c € with both X and Y regular. 
Assume the following condition: 

(#') f : Y X is isomorphic to a projective space over X, or there exists a decomposition 
F^P™-)Io// such that the blow-up of¥ x Xx along Y x {oo} belongs to 
Mor(^). 



Then the diagram 



K*{Y) 

cM-)Utd(T» 



-K{V){X) 



fl 



ch 



f(X) 



H* m {X,Y{.)\ 



H*(YJ(.)) ( 

is commutative, that is, for a G (Y) we have 

ch f /\f*a) = /,(chy(a) U td(7») m H* f(Y) (X, r(.)) Q . 
//ere /i denotes the push-forward morphism constructed in £J7] 

Proof. When Y" is a projective space over X, then the assertion follows from the Dold-Thom 
isomorphism (the axiom 1231 (2)) and the arguments in IFL1 Chapter II Theorem 2.2 (see also 
loc. cit. Chapter V Theorem 7.3). Hence by loc. cit. Chapter II Theorem 1.1 and the same 
arguments as in Step 2 of the proof of Theorem 19. 1 1 (we need the assumption (#') here), we 
have only to check the commutativity of the diagram 



ch r (-)Utd(7» 



(10.1.1) 



ir(Y,r(.)) Q -^£*(x, r(.))« 
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assuming that X = F(E © 1), the projective completion of a vector bundle E — > Y of rank 
r and that / is isomorphic to the zero section of n : ¥(E © 1) — > Y. Let Q be the universal 
quotient bundle on X. Then we have 



ch(/,(i^) = ch(A_ 1 (g v )) 

= c r (g)utd(g)- 1 
= / ! (i r )utd(g)- 1 
= / ! (i r urtd(g)- 1 ] 

= /-(td(T / )) 



(by (E23) ) 
( llFD Chapter I Proposition 5.3) 

(by m 

(the axiom [23](3b)) 

Cf [£] = [iVy/x] = —Tf) 



in H*(X, I"(«))q. Therefore the diagram (110.1.11 ) commutes by the arguments in loc. cit. 
Chapter II Theorem 1.2 and the projection formula for i^-theory and r(*)-cohomology. □ 



11 Computation via 1 -extension 

As an application of the Riemann-Roch theorem without denominators, we compute Chern 
classes using 1 -extensions. 

Let ^ be as in ^3.31 Let X E Ob(^) be a proper smooth variety over ^ and let Z C X 
be a reduced closed subscheme of pure codimension r > 0. Let T s (*) be the Betti complex 
with A = Q (cf. §3.31) and let be the Deligne-Beilinson complex with A = Q (cf. 

^3.41) . which are both admissible cohomology theories on ^. We are concerned with the 
Chern class maps 

c:;^:^(x)^H^(x,r B ( i )), 

Cff :K]{X)-+H*-t{XJ 9 {i)) 

for Y E {Z, X}. We assume that j > 1 for simplicity (see Remark [T 1 .3 1 below for the case 
j = 0), and put 

V := Coker(^- J - 1 (X, r B (z)) — > H 2i ~i-\X, V B (i)))- 
We are going to compute the composite map 

e f d : ^> // 2 r j (x, r a (i)) — ► // 2 ^(x, r,(0) 

- Ext^HslQ,^ 2 ^" 1 ^ r a (i))) Ext^ HS (Q, V) (+) 

in terms of the Chern class map of a regular dense open subset of D, where MHS denotes 
the category of rational mixed Hodge structures and ax denotes the canonical isomorphism 
given in the following lemma, where we do not assume j > 1: 

Lemma 11.1 Let X — > Spec(C) be as before, and let T be a closed subscheme of X. Then 
for integers i,j > 0, there exists a canonical isomorphism 

a x , T : W T (X, r 9 (i)) ^ Hom D(MHS )(Q,tfr T (X, r B (i))\j]) 
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fitting into a commutative diagram 

h j t (x, r 9 (i)) *h*{x, r a (i)) 



&X,T 



c*x=ax,x 



Hom D(MH s)(Q,^ T (X, Y B {i))\j\) Hom D(MH s)(Q,^(^, r B (i))[j]). 

Proof. For an open subset U C X, let Q(i)@,x,u be the Deligne-Beilinson complex of U on 
the analytic site X an , cf. [EVJ Definition 2.6. By the definition of V$(i), there is a natural 
homomorphism of complexes 

p XtU : i?r(x an , Q(i)^x,c/) — > *r(c/ Zar , r*(i)), 

which is a quasi-isomorphism by loc. cit. Lemma 2.8. Let MHM(X) be the category of 
mixed Hodge modules on X, cf. & For Ji = (M, F*, K Q ) e Ob(MHM(X)), we define 
a complex of abelian sheaves on X an as 

:= Cone(X Q [-dimX] ©F°DR X (M) -»■ DR X (M))[-1], 

where DRx(M) and F°DRx(M) denote the complexes (on X an ) with the most left term 
placed in degree 

DRv(.U) : M — > M ®Q X — > > M Q q x — > • • • . 

F°DR X (M) : F°M — > F~ l M <g> tt x — > > F~ q M ®{l q x — >■■■ , 

respectively. Because the assignment H h-» W is exact, this induces a functor 

(-)t :D 6 (MHM(X)) ^ D b (X an ). 

Note also that for an open immersion tp : U X there is a natural quasi-isomorphism of 
complexes (on X an ) 

where Q(i)u denotes the Hodge module associated to the constant sheaf (27T\/— T) l Q on C/ an . 
There is a diagram of quasi-isomorphisms of complexes 

Rr(u Zan r 9 (i)) ^ Rr(x an , ®(i) 9 , x ,u) A i?r(x an , (MWV)*)- 

qis 

Considering this diagram for f/ = X and X \ T, we obtain an isomorphism 

7 x,t : i?r T (X Zar , r s (i)) = Rr(X an , {R(f> l Q(i) x )^ in D(Ab), 
where <\> denotes the closed immersion T ^ X. Finally we define a Xt x as the composite 

#f,(X Zar , r^(z)) 7 i T tf«(X an , (i?0 ! Q(^) x )t) 

= Hom D(MH M(x))(Qx,^0 ! QWx[g]) 
= Hom D(MH s) (Q, ^ T (X an , ®(i) x ) [q]), 

which obviously fits into the commutative diagram in the lemma. □ 
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We return to the setting of the beginning of this subsection. Let £z be an element of 
^■(Z),and put 

where /* denotes the isomorphism K'j(Z) = Kj(X). There is a localization exact sequence 
of rational Betti cohomology 

o _> v H 2i -i-\x x z, r B (i)) A H 2 t j {x, v B (i)) 4 H 2i ~i(x, r B (i)), (li.i.i) 

where 5 (resp. t) denotes the connecting map (resp. the canonical map). By the assumption 
that j > 1, we have i{xz) — 0. Hence pulling-back this exact sequence by xz, that is, 
considering the fiber product in MHS 

E:= {(x,a) e H 2i - j -\X \ ZJ B (i)) x®\5(x) = a- X z}, 

we obtain a short exact sequence of rational mixed Hodge structures 

— >V — ► E ^> Q — >0, 

which we denote by r\ z . The following results computing CfA^z) have been used in a recent 
paper of the first author llAl : 

Theorem 11.2 Assume that j > 1 (see Remark U 1 3\ below for the case j = 0). Then 

(1) The map gfj in sends £ Kj(X) to the class ofrjz, up to the sign (— 1) J '. 

(2) Let Z s - mg be the singular locus of Z, and put Z° := Z \ Z s - mg and X° := X \ Z s - mg . 
Assume further that 2i — j < 2(r + 1). Then the sequence of Betti cohomology 

o — > v — > h^-\x \ z, r B (i)) A if^'pr , r B (i)) (11.2.1) 

w exact, where 5' is the composite of 5 in (II 1.1.11) anJ a natural restriction map. 
Moreover, r\ z is isomorphic to the pull-back of this exact sequence by the element 

gm-r,z°/x°{iiz°)) e H*- j (x°,r B (i)), 

where g denotes the regular closed immersion Z° > X° and denotes the restric- 
tion of^z to K'j(Z°) = Kj(Z°). See $9\for the map Pi~ r ,z°/x°- 
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Proof. (1) Put m := 2i — j for simplicity, and consider the following big diagram: 



■Kj(X) 



(i) 

"2 



r3> 



■H m (X,r a (%)) 



Hom D(MHS )(Q,^ z (X, Q,(i))H) 



(ii) 



«3 



ax 



Hom D{MHS) (Q,Rr(X, r B (i))[m]) 



(*) 



(iii) 

C14 



(*') 



Ho mz)(M HS)(Q, (r< m *r z (x, r B (i))')M) — ^ H 0mz)(M HS)(Q, (r< m _i/tr(x, r B (i)))M) 

(iv) 



Hom MH s(Q,lm(5)) 



ar, 



Ext MHs( 



>, V). 



Here r< m Rr z (X, \~ B (i))' denotes the complex 

Cone(r< m i?r z (X, r B (z)) -> #™(X, r B (i))/lm(5)[-m]) [-1], 
The arrows a 1; a 2 are canonical maps, and a 3 is induced by the canonical morphism 

T:Rr z (x,r B (i)) ^Rr(x,r B (i)). 

The arrow denotes the morphism induced by T, and a 5 denotes the connecting map asso- 
ciated with the short exact sequence in MHS 







V — )• H rn -\X s Z, r B (z)) lm(5) 



0. 



The squares (i) and (iii) commute obviously, and the square (ii) commutes by the construction 
of ®x,z and ax = dx,x m Lemma fl 1.11 The square (iv) commutes up to the sign (— l) m , cf. 
llJa21l Lemma 9.5. The isomorphism (*) (resp. (*')) in the left (resp. right) column follows 
from the fact that the Hodge (0, 0)-part ofHf(X, V B (i)) lies in \m(5) (resp. the Hodge (0, 0)- 
part of H m (X, l~ B (i)) is zero). Finally, the composite of the left vertical columns sends /*(£z) 
to xz> an d the composite of the right vertical columns agrees with the map gfj in question. 
The assertion follows from these facts. 

(2) Since we have H^7 j (X, l~ B (i)) = by the assumption on i and j, the restriction map 



h 2 J~\x, r B (i)) — ► Ht7\x\ r B (i)) 

is injective, which implies the first assertion. The second assertion follows from Corollary 
|9.3l for Betti cohomology. □ 



2i-i, 



Remark 11.3 As for the case j = 0, one can easily modify the above arguments to obtain 
similar results for £z G K' Q (Z) satisfying C*o g (/*(£z)) = in H 2l (X, r B (i)). 
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A Cohomology of simplicial schemes 

In this appendix, we include the definitions of Zariski sheaves and cohomology on a sim- 
plicial scheme, for the convenience of the reader. Propositions IA.2HA.4l stated below have 
been used in the main body of the paper. 

HJl Sheaves on simplicial schemes 

We review the definition of Zariski site over a simplicial scheme (cf. flFr] Definition 1.4). 
Definition A.l Let X* be a simplicial scheme. 

(1) Let Ouv/X* be the category whose object is an open subset U C X p for some p > 0, 
and whose morphism is a commutative square 

V *U 

X q > X p 

for some morphism a : [p] — > [q] in A. 

(2) We endow the category Ouv/X* with the Zariski topology in such a way that a cover- 
ing of a given object U — > X is an open covering {Ui} ie j of U. The resulting site is 
called the Zariski site over X* and denoted by (X*) Zar . 

(3) An abelian presheaf on (X*)z ar is a functor 

J* : (Ouv/X*) op -)• Ab. 

(4) An abelian sheaf on (X*)zar is a presheaf J? which satisfies the gluing condition: for 
any object U — > X p of Ouv/X* and any open covering {C/j}j e j of £/, we have 




We denote the category of abelian sheaves on (X*)z ar by S7zv ab ((X*) Z ar)- 

Proposition A.2 Le? X* oe a simplicial scheme. 

(1) To g/ve a sheaf ^ on (X*)z ar is equivalent to giving a datum ((<&p) p >o, (ofi) a etAor(A)) 
consisting of sheaves & p on (X p )z ar for p > and morphisms of sheaves on (X g )z a r 

J : (a x Y^ p — >• ^ /or a G Mor^([p], [g]) 

w/n'cft saris/y /3* o = (/? o a) tt /or a : [p] ->• [g] and /3 : [g] [r]. 
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(2) The category S/iv ab ((X,t) Zar ) is abelian with enough injective objects. 

(3) For each p > 0, the functor 

(-)„ : S/*v ab ((X,) Zar ) — ► S/*v ab ((X p ) Zar ), J?^ J? 
z's exact and preserves injective objects, where & v denotes the restriction of & to 

(-Xp)zar- 

Proof. See the remark after []Ff] Definition 2.1 for (1). See loc. cit. Proposition 2.2 for (2). 
See loc. cit. proof of Proposition 2.4 for (3). Although those arguments are written for the 
etale topology, the same arguments work for the Zariski topology as well. □ 

[SJ2 Cohomological functors on simplicial schemes 

Let X* be a simplicial scheme and let C X* be a simplicial closed subset. For an abelian 
sheaf & on (X*) Zar , we define i\ (X*, ^),the global section of ' & over X* with support in 
Z+, as 

r z xx^&) : = Ker(4 - d\ : r Zo (x ,&) -+ r Zl (x u &)). 

We define the i-th cohomology functor with support in 

H^X*, -) : Sfcv ab ((X*) Zar ) — )> Ab 

as the i-th right derived functor of 7^* (X*, — ). Similarly for an object (U C X p ) of Ouv/X*, 
we define 

/T(f/,-) : Sto> ab ((X*) Zar ) ^Ab 

as the z-th right derived functor of r(U, — ). 

For a morphism / : X*. — >• 1£ of simplicial schemes and an abelian sheaf J^" on (X*) Zar , 
we define the direct image f*^ on (Xt) Zar by the assignment 

■■ (u c x p ) h-> &{f;\u)) 

where / p : X p — >■ F p denotes the p-th factor of /. We define ?/ze i-th higher direct image 
functor 

R% : 5/zV ab ((X,)zar) — )• ^V ab ((F,)zar) 

as the i-th right derived functor of /*. 

For a closed immersion g : Z+ e — >■ X* of simplicial schemes and an abelian sheaf on 
(-X*)zar> we define a sheaf g& on (Z Jr ) Zar as the inverse image by g of the sheaf 

4:PCI P )^V(^) on (X*) Zar . 

We define 

Rtf : S/*v ab ((X*) Zar ) — > Shv 3 \(Z+) Zar ) 

as the z-th right derived functor of g\ The following proposition shows us how to compute 
these derived functors. 
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Proposition A.3 Let f : X* — > Y± and g : ■=->■ X* be as before. Let be an abelian 
sheaf on (X*)z ar - 

(1) Let U C X p be an object o/Ouv/X*. Then there is a natural isomorphism 

which is functorial in U and & . Here & p denotes (^) p , cf. Proposition \A.2\ (3). and 
the right hand side means the cohomology of U in the usual sense. 

(2) Let p > be a non-negative integer. Then bothR 1 /* andR l g l commute with (— ) p , i.e., 
there are natural isomorphisms 

{R % f^) p S R'f^) and (R l g [ ^) p = &g l p {&p), 

which are functorial in J£ ' . Here f p : X p — > Y p (resp. g p : Z p <^-> X p ) denotes the p-th 
factor of f (resp. of g). 

(3) There is a functorial spectral sequence 

E™ = Hl v {X P) ^ p )^W z SX^&). 

Proof. The assertions (1) and (2) follow immediately from Proposition IA.2K 3) and the ex- 
actness of (— ) p . See [FrJ Proposition 2.4 for (3). □ 

By the existence of ^-injective resolutions (cf. [JSpJ, HHolQ . the functors H l (X*, — ), R l f* 
and i?y are extended naturally to the derived category of unbounded cochain complexes of 
abelian sheaves on (X*) Zar : 



Rf* 

Rg- 



£>((X*) Zar )^D(Ab), 

^((X)zar) — ^((l^Zar) 
D((X*) Zar )^Z)((^) Zar ) 



Proposition A.4 ( HGilH Lemma 2.4) Let ^ be as in and let l~(*) be an admissible 
cohomology theory on c €. Let E* — >■ X* be a vector bundle of rank r + 1, anJ to p Z?e f/ze 
natural projection P(i£*) — > X*. Le? £* aut &e ?/ze tautological line bundle over F(E+) and 
put £ := Ci(L* aut ) G H 2 (F(E±), T(l)). 77zen ?/We Z5 a Dold-Thom isomorphism 

r r 

($W- 2 i(X*,r(n-j))=H\F(Ej,r(n)), (6^ =0 ^ £ f Up*(6,-). 

//ere ?/ze cwp products are defined by the product structure on l~(*) anJ a K-injective resolu- 
tion of r(n). 
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Proof of Proposition^^ Since we have ZT(P(£*), V(n)) = H' l (X+,RpJ(n) nEi) ), it is 
enough to check that the morphism 

r r 

r(n - j) x j-2j] -+R P j(n) r(Et) , (y; =0 ^^e 3 'upiy 

j=0 j=0 

is an isomorphism in Z)((X*)z a r), which follows from the axiom |231 (2) and Proposition 

E3(2). □ 
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